Abstract. Based on a standard one-sided lubrication-type model, an analysis is carried out pertaining to a small vicinity of a contact line of a volatile non-polar perfectly-wetting macroscopic liquid sample surrounded with its pure vapour and attached to a smooth uniformly superheated solid surface. The behaviour of the liquid film is governed by the effects of evaporation, capillarity and the disjoining pressure. The kinetic resistance to evaporation, as well as the dependence of the local saturation temperature on the local liquid pressure are accounted for.
INTRODUCTION
Incorporation of the concept of the disjoining pressure, put forth by Deryagin (see Derjaguin et al., 1987) , into an otherwise classical hydrodynamic model of thin liquid films marks a turning point in our understanding of their behaviour. In particular, a more consistent modeling of contact lines in a dynamic situation becomes possible (de Gennes, 1985) , with the associated singularity either reduced or completely eliminated on a microscale. The terms 'micro-'/'macro-' will be used here to refer to the phenomena occurring on the scale where the disjoining pressure may be important/negligible, respectively. Yet this microscale is presumed to be much larger than the molecular scale for the hydrodynamic description still to be valid.
For volatile liquids, and here we specifically mean those in contact with their pure vapour on a superheated substrate, the mechanical role of the disjoining pressure (as a force in the hydrodynamic equations) gets supplemented by what may be called a thermodynamical one. Namely, there is a shift of saturation conditions linked to the disjoining pressure (a better known similar effect is due to the interface curvature). For perfectly wetting liquids in particular (the only case under consideration in the present paper), this has as a consequence that a free portion of the solid surface gets covered with a non-evaporating microfilm of uniform thickness in equilibrium with the vapour at the temperature of the solid, which is (slightly) higher than the saturation temperature corresponding to the pressure of the vapour. The equilibrium thickness depends inversely on this applied temperature difference. If so, the microstructure in the vicinity of a contact line is such that the liquid film connects this uniform adsorbed microfilm at one end (say, to the left) and the bulk of the liquid at the other end (to the right). See Figure 1 for a sketch. Such a configuration, accounting for an adsorbed microfilm of this nature, has originally been been treated by Potash and Wayner (1972) . This line of studies is followed in particular by Moosman and Homsy (1980) , Stephan and Busse (1992) , DasGupta et al. (1993) , Morris (2001) , Ajaev and Homsy (2001) , Ajaev (2005a) , Rossomme et al. (2006 Rossomme et al. ( , 2009 , Colinet et al. (2007) , and the present paper also forms part of it.
The surface curvature in the macroscopic portion of the film must typically be much smaller than that encountered on the microscale, in a localized vicinity of the contact line. Neglecting it within an analysis focused on such a vicinity, one arrives at a configuration with zero curvature far to the right (Figure 1 ). In the steady case (no displacement of the contact line), the film surface just attains a constant slope (Stephan and Busse, 1992) . It is this latter configuration (steady microstructure) that is studied in the present paper. The constant slope yields what is here referred to as the contact angle of the steady microstructure. We emphasize that this angle turns out to be finite (non-zero) even for perfectly wetting systems and motionless contact lines. The reason is that for volatile liquids, in contrast with non-volatile ones, the situation near the contact line is actually always dynamic owing to a (micro)flow induced by the evaporation process. On the other hand, the velocity and inverse-time scales associated with this microflow are typically high, which permits to expect that the studied steady microstructure will hold quasi-steadily even for moving contact lines up to reasonably large velocities. As to the question of whether the contact angle of the steady microstructure and the apparent (as observed on the macroscale) contact angle coincide, it is expected that they do to leading order in a situation such as a steady meniscus (cf. Rossomme et al., 2008) or, more generally, in a situation where the contact line velocity is small enough. For a rough estimate of what this "small enough" could be, it may be useful to evaluate the angle scale formally given by the Tanner law (see de Gennes 1985) and to see whether it is small enough as compared to the contact angle of the steady microstructure. Further discussion of the issues related to the contact line displacement is beyond the scope of the present paper however.
Thus, revisited here is the problem of the steady microstructure in the vicinity of a contact line for a volatile liquid on a uniformly superheated rigid plate and overlaid with its pure vapour, essentially as posed by Stephan and Busse (1992) . Compared with the previous work on the subject, and most notably with Morris (2001) , the present paper offers a more extensive parametric study for the contact angle as well as for certain characteristics of the evaporation flux in this localized zone. Otherwise, it follows in the same general framework. In particular, the analysis relies upon the standard one-sided model of a thin evaporating liquid layer, basically as set forth by Burelbach et al. (1988) . The film is shaped by the effects of capillarity, disjoining pressure and evaporation. A simple, inverse cubic, form of the disjoining pressure is adopted pertinent to non-polar liquids (contribution from the van der Waals forces), whereas for an example of including an additional contribution due to the electrical double layers significant for polar liquids see Ajaev (2005b) . The problem is treated in the lubrication approximation. Evaporation kinetics is taken into account. The local saturation temperature at the interface is assumed to be variable and dependent upon the local liquid pressure in the film (which in turn depends on film thickness and interface curvature). In fact, it is the latter effect that is responsible for the existence of the earlier mentioned adsorbed microfilm in equilibrium with the vapour. Possible temperature non-uniformities of the solid substrate, which could be caused by an intense heat transfer in the vicinity of the contact line, are neglected. At a later stage, we also incorporate the Marangoni effect and the effect of vapour recoil in line with the studies of Rossomme et al. (2006 ), and Colinet et al. (2007 .
The paper is organized as follows. In Section 2, the problem is formulated, appropriate scales are identified, and non-dimensionalization is carried out. Section 3 is devoted to asymptotic solutions at the limits of the domain, when approaching the adsorbed microfilm to the left and a constant slope to the right. Certain details pertaining to this section are put as Appendix. The results of the parametric study are presented in Section 4. In Section 5, the formulation is supplemented to account for the Marangoni and the vapourrecoil effects, and their influence is parametrically investigated. Finally, concluding remarks are provided in Section 6.
BASIC FORMULATION AND NON-DIMENSIONALIZATION
Consider the equation(s) governing the temporal evolution of a thin film of volatile onecomponent liquid placed on a flat rigid substrate under the action of the disjoining pressure and capillarity (gravity is neglected) assuming the lubrication approximation. The steady configuration of interest in the present paper will subsequently be obtained as a steady solution to the evolution equation(s) with the appropriate boundary conditions. The film is in contact with its own pure vapour (with no inert gas present) maintained at the pressure p * 0 , and let T * 0 = T sat (p * 0 ) be the saturation temperature corresponding to p * 0 . The substrate is kept at a temperature T * w = T * 0 + ∆T * with ∆T * > 0 being small as compared to T * 0 . Pressure variations along the film are important not just mechanically. They are also capable of locally shifting the saturation temperature by an amount comparable with the applied temperature difference ∆T * , and such an effect is important in the present consideration. It is assumed that the pressure is essentially constant within the vapour phase and it is its variation in the liquid that plays a role here. Thus,
Hereafter, the subscripts 'v' and 'l' refer to the vapour and the liquid, respectively. Here γ * is the interfacial tension, ξ * is the film thickness. ∇ the corresponding Laplacian. Just for convenience, we shall use the terms 'horizontal' and 'vertical' when referring to directions along and across the film, even though gravity is not present in our formulation. The last equality (2.1) is a result of the lubrication approximation and takes into account the effects of the disjoining pressure (the first term on the right-hand side, with A * > 0) and capillarity. The effect of vapour recoil is neglected for the moment and will be reintroduced in Section 5.
For what follows, it is convenient to define variables with a tilde:
representing the deviation of the pressure and the temperature from the equilibrium values p * 0 and T * 0 . This notation has already been used in (2.1). Now, starting from the equality of liquid and vapour chemical potentials, the earlier mentioned local shift of the saturation temperature due to the pressure variation can be shown to be
on the assumption that linearization around p * 0 and T * 0 is legitimate here. L * is the latent heat of evaporation, ρ * is the density. As one can in particular see on the basis of (2.1) and (2.3), a phase equilibrium between the vapour (still at the pressure p * 0 ) and the liquid can be achieved even at the substrate temperature T * 0 + ∆T * > T * 0 if the liquid is in the form of a film of a uniform thickness ξ * = ξ * f (the adsorbed microfilm). By setting ∆T * 0 = ∆T * and ξ * = ξ * f = const in (2.1) and (2.3), one can derive
where ∆p * has the meaning of the pressure difference between the vapour and the liquid in this state (p * l = −∆p * ). Before choosing the scales to render the problem dimensionless, the following useful notation is introduced. The dimensional quantities are marked with an asterisk (e.g. f * ), as in fact it has been done thus far. The dimensionless ones will appear without asterisk (e.g. f , where 'f ' just stands for a typical quantity). For those with both dimensional and dimensionless forms defined (which is by far not the case for all the quantities used, of course), the general notation f
will be implied throughout, where [f ] refers to the dimensional scale of f . With (2.4) and (2.5) taken into account, we have so far a reasonable choice for the following scales: 6) where recall that the tilde is used in the sense (2.2). The horizontal length scale is now chosen such that the capillary and the disjoining-pressure contributions in the last equation (2.1) be of the same order:
being the molecular scale as introduced by de Gennes (1985) (note that his parameter A * is different from ours by a factor of 6π, so that the definition of a * is actually the same). The factor √ 3 incorporated into (2.7) owes itself partly to tradition and partly to future convenience. The ratio of the vertical and horizontal length scales , (2.13) where η * is the dynamic viscosity. The time scale is defined as
The kinetic law of evaporation can be written as (cf. e.g. Burelbach et al., 1988) 2
where j * is the local mass flux through the interface, R * g is the gas constant, M * w is the molecular weight and f a is an accommodation coefficient. The accommodation factor is written here in a form different from Burelbach et al. (1988) , and besides, in line with Potash and Wayner (1972) and the subsequent studies, we account for local variations of the saturation temperature, the effect being represented by the term ∆T * 0 on the right-hand side of (2.15).
The energy flux balance at the interface reads 16) where one neglects heat conduction into the vapour and the mechanical effects (cf. Burelbach et al., 1988) . The scale for the mass flux is chosen on the basis on (2.16):
When rewritten in dimensionless form, Equations (2.15) and (2.16) become
Within the lubrication approach used here throughout, the equation satisfied byT l is just ∂ 2T l /∂z 2 = 0. We haveT l = 1 at the solid surface (z = 0), whereas (2.18) serve as the boundary conditions at z = ξ. Resolving this problem, one in particular obtains
wherep l is given by (2.10), and the subscript 'Σ' refers to quantities at the interface. As one can appreciate already from (2.18), the dimensionless number K (always nonnegative) plays the role of an inverse Biot number. If K = 0, the temperature at the interface is just the local saturation temperature, whereas the flux is determined by conduction ("diffusion-limited" regime). In the opposite case, K 1, the interface temperature is equal to that of the solid support, i.e.T l = 1, and the flux is determined by evaporation kinetics ("reaction-limited" regime). Hence, K is a dimensionless measure of the kinetic resistance to evaporation.
There are two vertical velocity scales actually present in our formulation:
The former has been defined by balancing the disjoining pressure against the capillarity (the scales (2.13) and (2.14) appear as results of such a balance). The latter is established strictly on the basis of the evaporation process. Then another key dimensionless number of the problem, referred to as the (modified) evaporation number, comes as their ratio:
This number shows how strong the effect of the evaporation is on the scales defined by the disjoining pressure and the capillarity. In this sense, E 1, for instance, would correspond to a limit of weak evaporation. Now the equation expressing the mass conservation in the liquid film can be written as
Substituting (2.12) and (2.20) in here with (2.10) taken into account, one can in principle render the equation in terms of ξ only, which would be the sought evolution equation for the film thickness.
In the present study, we limit ourselves to the planar case, with no y dependence. In this case, we note that (2.10) becomes 24) and the evolution equation written in terms of ξ only assumes the form
The steady structure that has been announced as the main subject of the paper satisfies the steady version of Equation (2.25):
with boundary conditions
The positive parameters E and K are generally O(1). As reflected in (2.26b) and (2.26c), the structure we are looking for approaches an adsorbed film of constant thickness, ξ = 1 in our dimensionless variables, at the left extremity (x → −∞) while getting to a constant slope b at the right extremity (x → +∞) of the domain. Mathematically, b = b(E, K) is an eigenvalue of the problem (2.26) to be calculated. In principle, the existence of a solution to (2.26) is not a priori obvious, even though the asymptotic behaviours (2.26b) and (2.26c) turn out to be consistent with Equation (2.26a) (see the following section). However, the fact that we will be able to successfully construct it by numerical means points to its existence. The quantity b is just a rescaled contact angle of the steady microstructure. By (2.9), the corresponding true contact angle θ is then
Note that generally b = O(1), whereas the validity of the lubrication approach implying θ 1 must formally be ensured by 1. The problem (2.26) depends just on two parameters -E and K, and does not depend on . The parameter re-appears only in the context of returning to the original variables, as in (2.27).
An important quantity to be followed in the analysis is the integral evaporation mass flux through the surface of the film. In the planar formulation, the value of this flux occurring to the left of a position x (and per unit length along the y direction) is given by
with the local flux being (cf. (2.20) with (2.10))
Using Equation (2.26a) with (2.26b) in (2.28) with (2.29) yields an alternative (and in many regards more convenient) formula
valid just for a steady structure. The result (2.30) would perhaps become physically more transparent (viz. the mass conservation) if represented in the form E J(x) + q || (x) = 0 (cf. Equations (2.10), (2.12) and (2.23) in the steady planar version of the formulation with q || being now the only component of the vector q || ). The scale is given by
Amongst the constraints of the problem, the applied temperature difference ∆T * is perhaps the most readily controlled one. So it may be useful to keep in mind the behaviour of various key quantities versus ∆T * . In particular, from (2.4), (2.9), (2.17), (2.19) and (2.22), one obtains
A conclusion one can draw from (2.32) is that the quality of the approximations our model is based upon generally deteriorates for a given system with the increase of ∆T * , and vice versa. For instance, this concerns ξ * f getting down to the molecular scale, or remaining small. However, in view of a small power 1/3 involved with these two quantities, the influence of ∆T * upon them is quite limited anyway. An adverse (for the model) effect of having [x] decrease too much is mentioned at the end of this section. A rapid increase of [j] with ∆T * may potentially mean the flow in the vapour getting anyhow important, thus putting into question the one-sidedness of the model. It is noteworthy that one of the two dimensionless numbers, E, entering the formulation (2.26) is independent of ∆T * , whereas the kinetic resistance number K decreases together with ∆T * . It is equally of interest to trace the similar dependence on A * -the only representative of microphysics in our formulation. We have
From (2.33), one can see that the dimensionless number
introduced by Morris (2001) , is independent of microphysics. By its physical meaning, (2.34) is a capillary number based upon the vertical velocity scale [j]/(ρ * l K) in the liquid due to evaporation. Note that this is the scale appropriate for the case K ≥ O(1) (meaning that either K = O(1) or K 1), whereas [j]/ρ * l would be the right one in the case K ≤ O(1). This distinction between K ≥ O(1) and K ≤ O(1) can readily be appreciated on the basis of (2.20) or (2.29) (from where it follows that for
in (2.17) actually suits more the case K ≤ O(1). Let us also note here that the formulation (2.26) reduces to the corresponding one of Morris (2001) (see his equations (3.5) with the macroscopic curvature, attained as x → +∞, set equal to zero) upon the following substitutions:
The right-hand sides of (2.35) (barring the last relation) are written in the notations of Morris (2001) (' ' in Morris (2001) and here are totally unrelated). Besides, recall that Ca as introduced in (2.34) is the same quantity as used by Morris (2001) . Similar to (2.35), we also point out how certain key dimensionless quantities defined here are related to those in Rossomme et al. (2006 Rossomme et al. ( , 2009 and Colinet et al. (2007) :
To get an idea of the typical parameter values encountered in practice, we refer to the example of Stephan and Busse (1992) , where ammonia was used. For ∆T * = 1 K, we have (see also Rossomme et al., 2006 Rossomme et al., , 2009 , as well as the parameters provided below) = 0.579, E = 0.124 and K = 5.74. Two other examples are just cited after Morris (2001) (see references therein and the 2nd and the 3rd lines of data in his Table 1 ; recalculation to our present notations is done by means of (2.34) and (2.35)): = 0.45, E = 7, K = 50 and = 0.012, E = 78, K = 100.
Consider the Stephan and Busse example in some more detail. Parameters of the system are T * 0 = 300 K, ∆T Some of the conclusions drawn from these estimates are as follows. It is noteworthy that, even for the seemingly small superheat ∆T * = 1 K, ∆p * proves to be quite large while ξ * f rather small, already not so far from the molecular scale a * . Furthermore, as the horizontal length scale of the microstructure, [x] , turns out to be smaller in this example than the vapour molecule free path (of the order of 10 −8 m for the saturated ammonia vapour at T * 0 = 300 K), no local thermodynamic equilibrium exists in the vapour on this scale, which in turn casts doubt on the form of the kinetic law of evaporation as used here. Note however that [x] and others are no more than just dimensional scales. In reality, when physically determining the corresponding true scales, additional large/small numerical factors may show up that modify the result by one or more orders of magnitude, depending on the values of E and K. In essence, one of the goals of the present paper can be viewed precisely as evaluating these additional factors. It turns out (see the results of Section 4) that the numerical coefficient to be placed in front of [x] favours the validity of our model in what the above comparison with the free mean path is concerned. On a different side, as already mentioned following (2.32), it is somewhat comforting that the mentioned negative (for the model) tendencies can get reversed by decreasing ∆T * (at least theoretically, without discussing the feasibility of staging experiments with much smaller values of ∆T * ). Another point that comes to sight from the above estimates is a big value of [u || ] (and a small value of [t]) which, even if reduced by an order of magnitude due to a numerical factor, makes the quasi-steadiness alluded to in Section 1 look realistic for contact lines moving as fast as several centimetres per second. Also, the fact that ∆p * turns out to be appreciably greater than [j] 2 /ρ * v points to the vapour-recoil effect being negligible for this system (cf. Section 5).
ASYMPTOTIC BEHAVIOURS AS x → ±∞ AND THE SHOOTING
In the present section, we proceed to the resolution of the steady problem (2.26). We analyze asymptotic behaviours at the left and the right extremities of the domain in the light of obtaining its numerical solution.
We note that ξ = 1 is an exact solution to Equation (2.26a). To find more details concerning the behaviour (2.26b), we linearize Equation (2.26a) around ξ = 1 and look for solutions in the form (ξ − 1) ∝ e β x . Then β satisfies the following characteristic equation
As the deviation must decay as x → −∞, the negative roots of (3.1) are discarded in application to our problem. Thus, we obtain
Needless to say that should β 1 = β 2 , we would have (ξ−1) ∼ (C 1 x+C 2 ) e β 1 x instead. There are two free coefficients in (3.2), C 1 and C 2 . For a solution to the boundary-value problem (2.26), invariant to shifts along x, the value of one of the coefficients can be fixed arbitrarily (barring the sign), which merely fixes a reference along the x axis without modifying the profile of the solution as such. Then the other must adopt quite a definite value in order to ensure the behaviour (2.26c).
In principle, if β 1 and β 2 happen to be sufficiently different, the asymptotic expression (3.2) ceases to be consistent. For instance, if β 2 ≈ 2β 1 , the next-order (nonlinear) correction ∝ e 2β 1 x originating from the term with e β 1 x is approximately of the same order of magnitude as the term with e β 2 x (remember that it is the x → −∞ asymptotics that we are talking about). Thus, for consistency, (3.2) must be supplemented by this correction. Likewise, if β 2 ≈ 3β 1 , an even higher-order correction ∝ e 3β 1 x would be required, etc. Merely neglecting the term with e β 2 x against the one with e β 1 x would not be practical, for such a degenerate form (with only one coefficient left, without a second degree of freedom) would not be appropriate e.g. for launching a shooting procedure, as one can figure out from the previous paragraph. A way for incorporating this kind of corrections is discussed in Appendix. On the other hand, even in such cases, when β 1 and β 2 happen to be different enough, a successful shooting can be carried out proceeding just from (3.2), without any supplementary corrections. The value of the coefficient thereby obtained will be incorrect though, but this has no appreciable implications on the course of the solution, which rapidly gets on to the correct one as (x − x ini ) is increased and (ξ − 1) attains values much greater than the initial small one. Here x ini is a sufficiently large negative x approximating x = −∞ within the numerical procedure where sufficiently small values of (ξ − 1) and the derivatives are specified.
It is equally of interest to consider the behaviour of the solution as x → +∞, essentially revealing further details behind the statement (2.26c). A step-by-step development of perturbations upon ξ = b x leads to the following result:
The fact that such a perturbation series could be successfully constructed confirms that Equation (2.26a) indeed admits solutions behaving as (2.26c). The asymptotics (3.4) depends upon three free parameters, namely, b, k and x 0 . The latter parameter just manifests, once again, the invariance of the problem to shifts along the x axis. A remarkable consequence of (3.4) is that no macroscopic wedge (representing the contact line on a macroscopic scale) can unambiguously be defined by the localized structure studied here. Indeed, while the slope is well defined as x → +∞, the position of the vertex of the desired wedge is not. The reason is the second term on the right-hand side of (3.4), which grows faster than a constant as x → +∞. In other words, no oblique asymptote can be found for the curve z = ξ(x) as x → +∞, even though the slope attains a definite value. Accordingly, no such asymptote is drawn e.g. in Figure 1 . Thus, defining this macroscopic wedge is a matter of consideration on length scales much greater than those pertinent to the present analysis.
The following perspective may be useful to jointly view the asymptotic results (3.2) and (3.4). A solution of Equation (2.26a) can in principle be continued into the core region (x = O(1)) starting from either of them. To obtain a solution of the problem (2.26) in this way, these two continuations must match at a point where they meet. As it is a fourthorder ODE that we are dealing with, the matching must be accomplished by means of the function ξ itself and its three lowest derivatives. Within the expressions (3.2) and (3.4), five free parameters are available. In the spirit it has already been discussed, one degree of freedom among those five is associated with the invariance to a shift along x, whereas the remaining four are just in the right number to ensure the matching. Although solution is not constructed literally in this way, such an outlook is helpful.
The solution of the problem (2.26) is obtained numerically by shooting from the left to the right, starting from the asymptotic form (3.2) or its modifications considered in Appendix. There is just one shooting parameter (see the discussion following (3.2)) which is adjusted so that at large positive x the solution goes to a constant slope in accordance with (2.26c). The (rescaled) slope b as well as the parameters k and x 0 entering (3.4) are obtained in the process. Note that as soon as a reference along x is fixed by assigning a value to one degree of freedom in (3.2), the parameter x 0 calculated in this way adopts quite a definite value. Shooting in the opposite direction, from the right to the left, is not practical at least for two reasons: there are more shooting parameters (two instead of just one), and the divergence of solution upon missing proves to be appreciably greater.
In the closing of this section, we point out the asymptotic behaviour as x → +∞ for a number of other relevant quantities. By using (3.4) in (2.30), one can derive
As it can be appreciated from (3.5), the parameter k = k(E, K) is an important one in what the influence of the studied microstructure on the flux on a macroscale is concerned. Thus, the dependence k = k(E, K) will be closely followed here along with b = b(E, K). It will also be of interest to keep in mind the behaviours
as obtained from (2.21) and (2.24) with (3.4).
STEADY PROFILES: RESULTS AND DISCUSSION
The results of numerical resolution of the problem (2.26) are represented in Tables 1-5  and Figures 2 -7 . Figure 2 shows the profile of the liquid film, ξ = ξ(x), as well as the distributions of a number of quantities of interest along the film. These are the dimensionless local (2.29) and integral (2.28) fluxes across the vapour-liquid interface, and the dimensionless liquid pressure (2.24) and interface temperature (2.21). Recall that the latter two quantities are in fact defined as the excess values (cf. (2.2)) over the vapour pressure and the corresponding saturation temperature. Four particular examples, I-IV, are followed through. The examples I and III are the ones mentioned at the end of Section 2, whereas II and IV are taken on for the sake of appreciating the effect of variation of E and K.
We note that for all the results presented in this section, the reference value along x is fixed once and for all by choosing x 0 ≡ 0 (4.1)
in the x → +∞ asymptotics (3.4) (whereas the values of b and k are computed while obtaining the numerical solution). Incidentally, the dashed lines that can be seen to the right in the ξ diagrams of Figure 2 represent precisely this asymptotics, whereas the ones to the left show the x → −∞ asymptotics (as defined in Appendix). We observe that the asymptotic solutions hold well into the core of the structure. But, of course, they do not overlap, and the two ends are to be connected by numerical means. An x → +∞ asymptotics is also displayed in the J diagram according to (3.5). The agreement is not as excellent as in the ξ case due to a greater number of terms retained in (3.4) as compared with (3.5). Yet here one can appreciate the usefulness of knowing the parameter k: it determines a correction which is only logarithmically small relative to the leading-order term as x → +∞. A visual impression one gets from Figure 2 is thatp l decays much faster as x → +∞ thanT Σ does, except for the case K = 0 (case II). This is in fact in agreement with (3.6) and (3.7). At K = 0, the leading-order term in (3.7) vanishes, andT Σ is seen to decay in the same way asp l . At large K, on the other hand, the decay becomes especially slow (case III). Indeed, in the reaction-limited regime (K 1), the interface temperature can get any different from that of the substrate only for sufficiently large thicknesses, when the effect of heat conduction across the film becomes weaker than for smaller thicknesses and comparable to that of the evaporation kinetics. This is what the asymptotic approach developed by Morris (2001) takes advantage of.
All in all, j seems to be a characteristic most affected by the variation of E and K, in terms of both the height and the width of the ridge of the j = j(x) profile. In part, this just reflects the fact that at large K the suitable scale for j is not the one chosen here and given by (2.17), but rather [j]/K. This point has already been mentioned following (2.34).
In a further parametric study undertaken here, no detailed profiles are provided. We just limit ourselves to tracing certain characteristics that are deemed to be telling enough, and in particular those that essentially play the role of the numerical factors discussed at the end of Section 2. In addition to b and k, we choose the following. First, it is the maximum of the local mass flux, j max , and the corresponding x coordinate, x (j) max , such that j max = j(x (j) max ). We also record the film thickness at this point, ξ (j) max = ξ(x (j) max ). Next, we have the width (in the x direction) of the j = j(x) profile at the "height" j = j max /2 and denote it by ∆x (j) . Similar characteristics are defined using the pressure profile. Let x (px) max be the x coordinate of the point where the pressure gradient (∂p/∂x) attains its maximum value (∂p/∂x) max . As earlier, we have ξ
max ). The corresponding width is defined as ∆x (px) = 1/(∂p/∂x) max (here note that the dimensionless pressure jump along the film is just equal to unity). A sketch of all these definitions is provided in Figure 3 , whereas the results of the parametric study appear in Tables 1-5 2 /∆x (px) , as one can figure out from (2.11) and the definition of ∆x (px) . The dashed lines in Figure 4 represent the asymptotic result for the rescaled contact angle pertaining to the limit E 1, K = O(1) (the limit of weak evaporation, in the sense described following Equation (2.22)) (Rednikov and Colinet, 2009 ):
It is drawn for the same fixed parameter values as the dot chains and for all values of E involved, with no regard for its E 1 origin. We observe a good agreement with the numerical results at small E. For a large value of K (K = 50), however, the agreement proves to be surprisingly good even for relatively large E, where (4.2) is no longer expected to work.
The solid lines in Figure 4 , on the other hand, belong to the asymptotic result obtained by Morris (2001) in the limit E/K = O(1), K 1 (cf. his equations (21), rewritten here on account of (2.27), (2.34) and (2.35)):
where the quantity l, supposed to be large, is given by the transcendental equation
Unlike (4.2), the result (4.3) is not fully analytical. Rather, the dependence k M = k M (f ) is to be calculated numerically. It is shown in Figure 4 of Morris (2001) and here in Figure 5 , which we have recomputed for a slightly larger interval of f than originally presented by Morris (2001) . Still, this interval proves to be insufficient to cover certain parameter ranges of our Figure 4 (the solid line does not continue thereto due to this artificial reason). Besides, the result (4.3) is not applicable for K = 0, and the corresponding solid curve does not appear in Figure 4 . Except for sufficiently small values of K, the agreement of (4.3) with the numerics proves to be very good, even in cases when the parameter l as calculated from (4.3b) no longer appears to be large. It might be worth mentioning that the following fit works well for the range of f displayed in Figure 5 (0.05 ≤ f ≤ 500): It is drawn in Figure 5 with a dashed line. The discrepancy with the corresponding numerical values appears to be 0.3% at most. In terms of the original contact angle (2.27) and on account of (2.34), the result (4.3a), pertaining to the limit K 1, yields θ ∝ Ca 1/4 up to a factor depending on the parameters logarithmically, in accordance with the original observation by Morris (2001) . Interestingly enough, when considered in the limit K 1, the result (4.2), too, yields the same functional form of θ, just with a different logarithmic factor. Morris (2001) has also remarked that the parameter Ca does not depend on microphysics (cf. the discussion following (2.34) here). Thus, in the limit K 1, the dependence on microphysics is just bound to a logarithmic factor, whether one proceeds from (4.2) or (4.3).
The results shown in Figures 6 and 7 and Tables 1-5 confirm the earlier observed tendency concerning the sensitivity of j max and ∆x (j) to the parameters. The combination b j max ∆x (j) does not vary so drastically though. This is suggested by (3.5), where b J is seen to be only logarithmically sensitive to the parameters, and supported by Figures 6 and 7. It is noteworthy that the x coordinates of the flux and pressure-gradient maxima always remain more or less within the range of pressure variation ∆x (px) from one another, albeit to a lesser extent so for large K. The ratio ∆x (j) /∆x (px) , on the other hand, gets to quite large values with the increase of K, as the "plateau" of the j profile extends. In the light of (3.5) and given the decrease of j max with K, it seems logical that k increases with K: the larger K is, the larger x must be chosen in order to obtain a given value of the integral flux J. The width ∆x (j) is also seen to increase with the decrease of E, but in this case it does so together with ∆x (px) . This tendency is in agreement with what one obtains in the study of the E 1 asymptotics (Rednikov and Colinet, 2009 ).
THE INFLUENCE OF ADDITIONAL PHYSICAL FACTORS: THE MARANGONI AND THE VAPOR-RECOIL EFFECTS
The temperature at the vapour-liquid interface is not uniform. For the steady microstructure under consideration here, it equals the substrate temperature T * w = T * 0 + ∆T * to the left (the adsorbed microfilm), whereas to the right (when approaching the macroscopic portion of the liquid) it reaches just the saturation temperature T * 0 . In dimensionless form, Equation (2.21) with (2.10), (2.26b) and (2.26c) taken into account yieldsT Σ = 1 as x → −∞, andT Σ = 0 as x → +∞. The Marangoni effect appearing as a result of this temperature non-uniformity has been neglected thus far, and we incorporate it into the analysis at this stage. The interfacial tension is assumed to be a linear function of temperature, with the slope dγ * /dT * < 0. The stress-free condition at the interface leading to (2.11) is now replaced by the Marangoni condition, ∂u || /∂z = −2 M ∇ ||TΣ at z = ξ, where
is the (modified) Marangoni number, M > 0. Similar to (2.32), (2.33) and (2.36), let us note that
The results (2.11) and (2.12) generalize to
2)
Now a general evolution equation for the film thickness ξ = ξ(t, x, y) is given in the same way as in Section 2, just with (5.3) replacing (2.12). To recapitulate, it is given by (2.23) with (2.10), (2.20), (2.21) and (5.3).
In this way, the planar steady equation (2.26a) for ξ = ξ(x) generalizes to
with the old result recovered at M = 0. Thus, the problem for the steady microstructure we are interested in here is now represented by Equation (5.4) albeit still with boundary conditions (2.26b) and (2.26c).
In the presence of the Marangoni effect, the counterpart of (3.1) is
We observe from (5.5) that there is a critical value of the Marangoni number
above which some of the roots of (5.5) (in terms of β) become imaginary. We are left with only one positive root and thus with just one term within the x → −∞ asymptotics (3.2), which, in the light of what was said in Section 3, is generally not enough for constructing the desired solution. This signals that the microstructure as studied here ceases to exist for M ≥ M cr . One can show that M = M cr corresponds in fact to the Marangoni instability threshold for the adsorbed microfilm (see Rossomme et al. (2006 Rossomme et al. ( , 2009 for details). So even if the desired solution could be constructed, it would not be stable. One can verify that the x → +∞ asymptotics (3.4) carries over to the case M = 0 except for the two higher-order coefficients becoming just
The results (3.6) and (3.7) are without change up to the order displayed. Yet the asymptotics for the integral flux (3.5) does change:
This result is convenient to be obtained by using the counterpart of (2.30), which can be derived by integrating Equation (5.4) in x from −∞ to a given value of x, and substituting the asymptotic expression for ξ therein.
In the Stephan and Busse example, we have dγ * /dT * = −0.5 × 10 −4 N/m K, while the other parameter values are provided at the end of Section 2. Then (5.1) yields M = 0.011. Such a small value suggests that the Marangoni effect is negligible in this example. For comparison, according to (5.6), we obtain M cr = 2.25. Still, for the sake of a parametric study, in order to establish the tendencies brought about by the Marangoni effect, we consider a wider range of M values. Figure 8 illustrates the influence of the Marangoni effect on the rescaled contact angle b and some other earlier defined characteristics of the microstructure under consideration. As before, the dots represent the cases computed. We observe that the contact angle increases (almost linearly) with M , while the evaporation becomes less intense in terms of both j max and ∆x (j) . The coordinate of the maximum of j = j(x) shifts quite noticeably forward relative to the large-x structure (3.4) (here with the earlier indicated modification in the higher-order coefficients) taking (4.1) into account. The value of k becomes really small. Yet this does not have drastic consequences on the integral flux at large x, for the constant term in the asymptotics (5.7), log k + 3/2 + b 2 KM/E, remains quite moderate throughout and does not vary much with M . As for the characteristics not reflected in Figure 8 , let us mention that neither ∆x
max )/∆x (j) vary with M any significantly. It is of interest to trace the influence of the Marangoni effect on the flow field ( Figure 9 ). The streamlines are plotted with the help of the stream function ψ such that u || = ∂ψ/∂z and ψ = 0 at z = 0. Here u || and q || will denote the only components of u || and q || in the planar case under consideration. From the planar version of (5.2), one obtains
At z = ξ, one has ψ = q || , of course. The reference along x is chosen largely at random here and does not observe (4.1). In contrast with the flow pattern corresponding to M = 0, the one shown for M = 0.75 is qualitatively different. Namely, the streamlines located sufficiently far to the right from the adsorbed microfilm turn around under the action of the Marangoni stresses. The latter act along the interface towards the colder region, which is in our case the macroscopic portion of the liquid. We note though that this partial flow reversal does not affect the sign of the mass flux. Indeed, according to numerical observations, we still have j(x) > 0 (evaporation), at each point of the interface. Consequently, for the integral flux (2.28) we have J(x) > 0. On the other hand, the mass conservation implies E J(x) + q || (x) = 0, which can be derived from the steady planar version of Equation (2.23) taking into account Equation (2.28) and the fact that q || = 0 in the adsorbed microfilm (x → −∞). Hence, q || (x) < 0 despite the reversal. Interestingly, the partial flow reversal occurs just in a finite interval of x upon the Marangoni number exceeding a critical value. For E = 0.124 and K = 5.74, this critical value of M is estimated at 0.386, while the "nucleation" point is located at ξ ≈ 31. The length of the interval in question grows rapidly with the supercriticity. For M = 0.75, its right end is located far beyond the range displayed in Figure 9 . Nonetheless, the existence of this right end can readily be seen on the basis of the x → +∞ asymptotics. Indeed, according to (5.2), the interface (z = ξ) value of the horizontal velocity is
Using (3.6) and (3.7) in here and taking into account that ξ ∼ b x to leading order, one
which shows that, owing to the logarithmic term, u ||Σ < 0 for sufficiently large x whatever the value of M (whereas the flow reversal corresponds to u ||Σ > 0). Physically though, one should keep in mind that what ultimately happens at sufficiently large x may be altered due to the presence of a macroscopic curvature, which is neglected within the localized problem of the steady microstructure but whose role may become progressively more important as x is increased. On the other hand, the way K and M enter the asymptotics (5.8) suggests that the critical M for the flow reversal may get smaller for larger values of K (and hence practically more important than in the Stephan and Busse example considered here, where M = 0.011 while the critical value is 0.386). The same line of thought is supported by considering Equations (3.6) and (3.7) and recalling that the effect of slow decay ofT Σ relative top l as x → +∞ gets more pronounced with the increase of K, and so may well be the Marangoni effect. Numerical computations confirm these expectations. While keeping the same value of E = 0.124 as before, we now take K = 50. Then the critical M for the flow reversal is down to 0.0917, while the "nucleation" point shifts further to the macroscopic region, now being located at ξ ≈ 251. In contrast, in the region of the adsorbed microfilm, increasing K plays only a stabilizing role, cf. Equation (5.6). Interestingly enough, the sensitivity of the contact angle to M grows with the increase of K roughly in the same proportion as the critical M for the flow reversal drops, which can be appreciated from Figures 8 and 10 . This is perhaps the right context to mention that the dimensionless number K depends on an accommodation coefficient f a , cf. Equation (2.19), which can vary in a wide range (Marek and Straub, 2001 ). The value K = 5.74 resulted in the Stephan and Busse example from the choice f a = 1. Other values could affect K dramatically. So varying K in a parametric study makes quite a sense already from this point of view. Next, while going back to neglecting the Marangoni effect, we turn to the role of the vapour recoil. Its relative contribution is characterized by the following dimensionless number (again, the factor 2/3 is just for convenience):
We note that
In the Stephan and Busse example, the vapour recoil is expected to be negligible as the estimation yields W = 0.0058 (see the parameter values at the end of Section 2).
The vapour-recoil effect enters the formulation throughp l by modifying (2.10) as
In this way, it becomes apparent both dynamically, in (2.11) and (2.12) (or in (5.2) and (5.3) if the Marangoni effect was simultaneously taken into account), and thermodynamically, by means of (2.20). The latter warrants a special attention. Indeed, now that the quantities p l and j become interdependent, j is obtained from the quadratic equation
where j 0 denotes the flux as it is in the absence of the recoil effect:
The solution is
One can see that j = j 0 is recovered from (5.12) in the limit W → 0, which has determined the choice of the root of the quadratic equation. It is not our intention here to discuss whether its discriminant can vanish for sufficiently large W and what happens in case it does. In our parametric study, attention is limited to establishing the tendencies for various characteristics of the problem as W is increased up to moderate values. Now the equations governing the behaviour of the film in the presence of the vapour-recoil effect are given by (2.23) with (2.12), (5.10)-(5.12).
In the planar steady case to be further treated here, the resulting equations can be written as
The boundary conditions for our problem of interest are still (2.26b) and (2.26c). Unlike the case with the Marangoni effect, Equation (3.1) still holds in the presence of vapour recoil. The situation with the asymptotic behaviours as x → +∞ is very much similar to what we had with the Marangoni effect. Namely, (3.4) is modified only in the last two coefficients:
The results (3.6) and (3.7) remain as they are, whereas (3.5) becomes
14)
The result (5.14) is obtained in the same way as described following (5.7). It is just that now we proceed from Equation (5.13) rather than (5.4). Figure 11 represents the dependence of the microstructure characteristics on the vapourrecoil number W . Qualitatively, we observe the same tendencies as with the Marangoni effect in Figure 8 . Perhaps, it is only that j max slightly grows with W , whereas it decayed with M . Otherwise, what was said earlier when discussing Figure 8 can be almost verbatim repeated here.
CONCLUDING REMARKS
The problem of the (quasi)steady microstructure of a contact line for a pure-vapour/liquid system on a superheated substrate, decoupled to leading order from the macroscopic problem, has been revisited within the classical conceptual framework. The main features of the present work include the following: i) Systematic analysis of the scales and laying out a system of key dimensionless relations of the problem. ii) Analysis of the asymptotic behaviour of the profiles at the extremities of the domain. iii) Extensive parametric study. iv) Comparison of the results for the contact angle with the asymptotic ones obtained in the literature for some limiting values of the parameters of the problem. v) Exploration, by means of a parametric study, of the role the Marangoni and the vapour-recoil effects could potentially play.
The developments mentioned under the item i) above can be useful in a number of ways. For instance, they can serve as a convenient basis for making possible modifications into the model in a natural and concise way, as it has been demonstrated here with the subsequent incorporation of the Marangoni and the vapour-recoil effects. The key dimensionless numbers of the problem are understood as combinations of physically meaningful scales. Having the scales at hand can also help if one decided to analyze the limitations of the model employed, and in particular its one-sidedness. Yet, estimations based just upon the scales coming from the dimensional analysis can be somewhat misleading, as in reality additional large or small numerical factors can be involved. In our parametric study, apart from the "practically important" quantities (such as the rescaled contact angle b and the parameter k determining const in the integral flux behaviour ∝ (log x + const) as x → +∞), we have also kept record of a number of other characteristics of the microstructure in question. Among other things, these quantities can be helpful for getting an idea of more accurate scales (including the numerical factors) in each concrete situation/example.
In what the contact angle is concerned, we have put to test two asymptotic results obtained elsewhere, which have proved to work well in the regions of the parameter space they are derived for, and sometimes beyond. So they can be recommended as sufficiently reliable.
Both the Marangoni and the vapour-recoil effects are found to be inessential in the ammonia example of Stephan and Busse, although it has been shown that the former gets potentially more important for slower evaporation kinetics than in this example, in particular from the viewpoint of creating a flow reversal within the microstructure. To elucidate their potential role, a parametric study has been carried out. Both effects are found to exert quite a similar (to one another) influence upon the microstructure characteristics. Both of them act to smoothly and moderately augment the contact angle. Some elements of the microstructure prove to vary quite drastically in response to increasing either of these effects though, such as e.g. the parameter k. Yet this does not affect const in the integral flux law (log x + const), which varies smoothly as compared to k. Here we carry out consideration for a slightly more general situation than in the main text. Namely, rather than just limiting ourselves to steady (motionless) profiles, we shall allow for stationary profiles translating at a constant velocity c. Clearly, the former is a particular case of the latter at c = 0. The rationale for doing so is the following: While this does not much complicate the development as far as the x → −∞ asymptotics is concerned, the case c = 0 may be rather useful for future reference. We define that c > 0 if the profile advances to the left (toward the negative x), and c < 0 if it recedes to the right. We use the terms "advance" and "recede" here in accordance with the geometry of our setup, within which the bulk of the liquid is located to the right, whereas to the left there is nothing but an adsorbed microfilm. In this modified statement of the problem, Equation (2.26a) is generalized to c ∂ξ ∂x
which is a consequence of (2.25) if the solution is sought in the form ξ = ξ(x + c t). Instead of (3.1), the characteristic equation for β now becomes
Among its four roots, there are two with positive real part and two with negative. This holds for all values of c. Indeed, this is obviously so for c = 0 (remember that we are physically bound to E > 0 and K > 0), whereas one can easily verify that no root ever crosses the imaginary axis, and hence our statement follows by continuity. As here we study the asymptotics as x → −∞, we are just interested in the two roots with positive real part. We denote them by β 1 and β 2 . Then the sought asymptotic behaviour is given by (3.2). For computational purposes, it is convenient to rewrite (3.2) in the form
such that it remains continuous in terms ofC 1 andC 2 even if passing through the point with β 1 = β 2 as the parameters are changed. The coefficientsC 1 andC 2 are related with C 1 and C 2 in an obvious way. In the case when β 1 and β 2 are a pair of complex conjugate values, Equation (A3a) rewrites in the form
where and refer to the real and imaginary parts, respectively.
Both β 1 and β 2 are real at c = 0. Denote by c cr the critical value of c above which they become a complex conjugate pair. At c = c cr , we have β 1 = β 2 ≡ β cr . It follows from Equation (A2) that
One can show that the factor inside the parentheses in (A4b) is always non-negative, hence so is c cr . Thus, in the advancing case (c > 0), the adsorbed microfilm is attained as x → −∞ in a wavy way if the velocity is large enough, namely, if c > c cr .
In the Stephan-Busse example (see the end of Section 2), the parameters are E = 0.124 and K = 5.74. Thus, for the profile at rest (c = 0) we obtain from (A2) β 1 = 0.235 and β 2 = 1. On the other hand, the critical values (A4) are β cr = 0.631 and c cr = 0.327. The dimensional velocity corresponding to this is c * cr = 3.26 m/s, which is rather high. Here
As one see in the above example, the values of β 1 and β 2 can be rather different, and then so are the exponentials in (3.2) or (A3a). Denote by β 2 the largest of the two. As it was pointed out in the Section 3, to be consistent, the expressions (3.2) and (A3a) must then include terms of the form e 2 β 1 x , and maybe even e 3 β 1 x , etc. We proceed in the following way. Let N be the integer closest to β 2 /β 1 . If N = 1, we just use (3.2) or (A3a). If N > 1, the expression in the form (3.2) is supplemented by (N − 1) higher-order corrections to the term with e β 1 x as calculated from Equation (2.26a) or (A1) by means of regular perturbations. Thus, Equation (3.2) is replaced by
If it happens that N β 1 = β 2 , the last term in the series (A5) naturally becomes
where the prime denotes the derivative. Let us mention that
whereas increasingly more bulky expressions result for q 3 , q 4 , etc.
Thus, to describe the asymptotic behaviour of the film thickness as x → −∞, one of the forms (A3) or (A5) is used depending on the values of β 1 and β 2 . Figure 6 The dependence of k (a parameter within the x → +∞ asymptotics (3.4) and (3.5)) and other parameter combinations on E at some fixed values of K, in the same way as Figure 4 . See Figure 3 for a graphical definition of some of the characteristics involved. Figure 7 The same as Figure 6 , but now versus K at fixed values of E. In some cases, dashed lines are used to connect the dot chains otherwise difficult to discern. Figure 8 Dependence of microstructure characteristics on the Marangoni number M for E = 0.124, K = 5.74. Figure 9 The influence of the Marangoni effect on the flow field: streamlines for the cases M = 0 and M = 0.75 for E = 0.124, K = 5.74. Figure 10 Rescaled contact angle b versus M for E = 0.124, K = 50. Figure 11 The same as in Figure 8 , but now versus the vapour-recoil number W . 
